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Tanner's [155;64;20] codeHamming distanceinformational bitslength of encoded messageParity check matrix:

R.M. Tanner, D. Sridhara, T. Fuja, in Proc. ISCTA 2001(Ambleside, UK, July 15{20, 2001), p. 365.
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Frame-Error-Rate
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Instanton method
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BER�WEIGHT� optimal confof the noise �optimal confof the noise = Point at the ESclosest to \0"

Chernyak, Chertkov, Stepanov, Vasic,Phys. Rev. Lett. 93, 198702 (2004)Stepanov, Chertkov, Chernyak, Vasic,Phys. Rev. Lett. 95, 228701 (2005)[cond-mat/0506037]2007-05-04 @ Algorithms, Inference, & Statistical Physics



Tanner graph of [155;64;20] code
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One special subgraph of Tanner graph
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One special subgraph of Tanner graph
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One special subgraph of Tanner graph
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Instanton for Tanner's [155;64;20] code
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400 iterations
E�ective distances:

Linear programming decoding:Iterative decoding:
Hamming distance: 16.4
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Instanton \robustness"
number of iterations until a successful decoding
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Instanton \robustness"
number of iterations until a successful decoding
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Smoothed (relaxed, damped) decoding

Iterative scheme (BP): η(n+1)
iα = hi + β 6=α
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∆! ∞ | standard BP

∆! 0 | slow dynamics

Stepanov, Chertkov, Allerton 2006 [cs.IT/0607112]
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Instantons e�ective distance
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Summary
� the performance of iterative decoding is determinedby most dangerous noise con�gurations (instantons)
� the �xed point of iterations in decoding is unstable,if the noise con�guration is damaging
� the iterative decoding cycles on instantons
� making the iterations smoother helps(shifts the instantons to larger distances)
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Amoeba (downhill simplex method)

Numerical Recipes,ch. 10, part 4

simplex at the beginning of the step
re
ection

re
ection and expansion
contraction

multiple contraction

lowhigh
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Error 
oors of LDPC codes
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Binary, linear error-correcting codes
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Decoding
decodedcodeword = argmax P

� codeword ��� channeloutput �all codewords 2]bits operations
Iterative decoding (]edges) � (]iterations) operations

Checks vote for the bits value (unsatis�ed check votes to 
ip the bit)Proceed voting iteratively until convergence
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Decoding
decodedcodeword = argmax P

� codeword ��� channeloutput �all codewords 2]bits operations
Iterative decoding (]edges) � (]iterations) operations

Checks vote for the bits value (unsatis�ed check votes to 
ip the bit)Proceed voting iteratively until convergence
...

...

...

...

...

...

...

Message passingBelief propagation on a graph

Iterative solution, works for treesBethe (1935), Pieirls (1936), Gallager (1962), Pearl (1986), MacKay (1995)
Linear programming
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Unstable iterations, period doubling

f (x) =�1:2sin(x)

2007-05-04 @ Algorithms, Inference, & Statistical Physics



Unstable iterations, period doubling

f (x) =�1:2sin(x)

f ( f (x))
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Unstable iterations, period doubling
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Unstable iterations, period doubling
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Unstable iterations, period doubling

f ( f (x))

f ( f ( f ( f (x))))
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Unstable iterations, period doubling

f ( f (x))

f ( f ( f ( f ( f ( f (x))))))
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Instantons, Laplacian channel
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Frame-Error-Rate, Laplacian channel
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Frame-Error-Rate, Laplacian channel
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BP as minimization of Bethe free energyYedidia, Freeman, Weiss
Variables: beleifs 0� bi(σi);bα(σα)� 1

Conditions: normalization ∑
σi

bi(σi) = ∑
σα

bα(σα) = 1

Conditions: consistency ∑
σαnσi

bα(σα) = bi(σi)
Function: Bethe free energy
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Minimization =) BP equation: ηiα = hi + β 6=α
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Relaxed (smoothed) decoding
L = FBethe+(Lagrangian multipliers) � (conditions)

Minimization: δL
δ(beliefs) = 0; δL

δ(Lagrangian multipliers) = 0

Iterative scheme (BP): η(n+1)
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Relaxed (smoothed) decoding
L = FBethe+(Lagrangian multipliers) � (conditions)

Minimization: δL
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Iterative scheme (BP): η(n+1)
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tree-based re-parametrizationWainwright, Jaakola, Willsky
concave-convex procedure YuilleHeskes, Albers, Kappen
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Relaxed (smoothed) decoding
L = FBethe+(Lagrangian multipliers) � (conditions)

Minimization: δL
δ(beliefs) = 0; δL
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Relaxed (smoothed) decoding
L = FBethe+(Lagrangian multipliers) � (conditions)

Minimization: δL
δ(beliefs) = 0; δL

δ(Lagrangian multipliers) = 0

Iterative scheme (BP): η(n+1)
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Dynamics: d(beliefs)dτ
=� δL

δ(beliefs)
Dynamics: d(Lagrangian multipliers)dτ

=� δL
δ(Lagrangian multipliers)
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Relaxed (smoothed) decoding
L = FBethe+(Lagrangian multipliers) � (conditions)

Minimization: δL
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Relaxed (smoothed) decoding

Iterative scheme (BP): η(n+1)
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Smoothed (relaxed, damped) decoding

Iterative scheme (BP): η(n+1)
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